Acta Tecnologia - International Scientific Journal about Technologies
Volume: 11 2025 Issue: 3 Pages: 121-126 1SSN 2453-675X

Analytical solution for optimizing pollution load capacity in river segments
Hoang Bui Huy

https://doi .org/10.22306/atec.v11i3.289 Received: 12 May 2025; Revised: 16 July 2025; Accepted: 31 July 2025

Analytical solution for optimizing pollution load capacity in river segments

Hoang Bui Huy
VNU University of Engineering and Technology, Viatn National University, Hanoi, hoangbh86@vnu.edu.vn

Keywords. pollution load, loading capacity, decay coefficiadispersion, analytical solution.

Abstract: The problem of determining the pollution load capefor a river section has an important meaningristecting
the water environment for the purpose of sustaedblelopment. This is a complex optimization peabthat only has
an analytic solution in simple cases. This papesgmts a method for obtaining an analytical salufiio a river section
in the case of dispersed waste sources distrilalted the river, taking into account the influenéeecay and dispersion
processes. The results show a quantitative rekttiprbetween the decay coefficient, the dispersaefificient and the
load capacity of the river. The obtained results loa applied to more complex real-world problems.

1 Introduction river systems. The findings also provide a fouratafor

The determination of pollution load capacity inéxtending these methods to more complex scenanits a
river systems plays a crucial role in water qualityntegrating them into practical water quality cahtr
management and sustainable environmental develdpmd{ograms.

As the pressures from urbanization, industrialaatiand

agricultural activities increase, rivers are besmninore 2 Materialsand methods

vulnerable to pollution, necessitating effectivetihoels to 2.1  Problem

quantify and control pollutant discharge. Regulator In order to solve the problem analytically, we stde

approaches such as the Total Maximum Daily Loag 1D model with a river segment of length L, cresstion

(TMDL) [1,2] framework have been adopted in varioug\, and a constant discharge Q. Concentration ddiént

countries to ensure that pollutant inputs do naeer the waste in the river section is, ¢he reduction coefficient is

assimilative capacity of water bodies, maintainwgter )\ (including decomposition and deposition). Disclarg

quality standards for aquatic life and human usé]|[3 load distribution on both sides of the rivep(). Findp(x)
Analytical and mathematical models have long beeg|ch that the total load on both sides of the rint the

used to simulate and optimize pollutant transpe a river is the maximum. The constrain conditions age
transformation in riverine systems. These modet®@tt 5[ |ows:

for critical processes such as advection, dispersind (1) Concentration of pollutants in the river senti
degradation [5,6]. However, many optimization peshs  goes not exceed the allowable standargk C
regarding load capacity lack general analyticalitsohs (2) Density of discharge load in the river does no

and often require numerical approaches, espeaidign oyceed the limMiPmax
dealing with spatially distributed pollution sousc,8].
Despite this complexity, analytical solutions—where, 5 nathematical modd

obtainable—provide valuable insight and computaion 1,4 ier segment is shown on the x coordinate axis

efficiency for water quality planning. from coordinates a, b (section L= [a,b]). In thesecaf

Previous studies have provided guidance and te@hn"f:onstant flow rate Q, the problem considered iscstary.
frameworks for implementing pollution control segies, The distribution of pollutant concentrations is

including Japan’s Total Pollutant Load Control &yst determined by the followina differential equation:
(TPLCS), and comprehensive TMDL reports from states : y wing di lal equation:

such as Maryland, USA [9-11]. These efforts hightithe de a?c

importance  of incorporating  hydrodynamic  and v—-=a———Ac+o(x) (1)
biochemical processes into load estimation and

management decisions. Where c(x) [mg/L] pollutant concentration; v=Q/A

This paper presents an analytical solution foim/s] average flow velocity;a [m?s] eddy diffusion
optimizing the pollution load capacity of a rivezgenent coefficient; A [1/s] the degradation coefficient of the

with distributed waste sources. The mOdel incomme po”utant; p(x) [mg/Ls] discharge rate density a|0ng the
effects of pollutant decay and dispersion, enakdimgore (jyer.

accurate estimation of load capacities under caimetd Constrain conditions:
environmental conditions. By deriving closed-form (1) o<c(x)<guax : xO[a,b]
solutions under specific assumptions, the studyritutes (2) 0p(X)<Pmax; X 0 [2,b]

a novel theoretical framework that can support more
effective and efficient pollutant management sgi® in
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Boundary conditions (given the input concentratibn de _ Ad_zc — Ac+ R() @)
the river section): dx dx?

(1) c(a)=¢ (taking into account the concentration of
pollutants from upstream)

Determining the total load of the river section is

Satisfy the boundary conditions (8):

objective function: c(x=0)=0 8

Findp(x) with x O [a,b] to  TL = [ o(x)dx max. then (9):

Then the load capacity (LC) of the river section —& <c(x) <1 (9)
(including upstream load) is

) 3 Reaults
LC = [, e(x)dx + coQ 2) 3.1 Resultsof determination of waste source
. . distribution in case A=0
also reached its maximum. In the absence of the influence of dispersion Eses

For the convenience of finding analytical solutiath®  (molecular  diffusion and  turbulent diffusion)
above equations are reduced to dimensionless foith, corresponding to A=0, equation (7) is rewritten as:
dimensionless variables as follows:

dc
_ —=—Ac+R(x) (10)
;e= 5D = p(x) 3) o

(Cmax_cn)
This equation with condition (5) has a unique sotut

Equation 2 (2) is rewritten by substituting Equat®
(3) into equation 2: x
c(x) = e‘A"f R(s)eMds
e d’¢ AL? L ~ 0
vL—=a———AL*C - Co + p . .

d¥ —dx (Cmax =€0) ~  (Cmax = o) When Ruxis very small, ¢(x) may not reacha=1 in

[0,1], in this case, in order to maximum the intgwe set

Divide both sides by vL, remove the "~" sign of thqq(x)zpmaX over the whole interval [0,1]. We have:
variables, we get:

X
c(x) = e‘A"f R(s)e™ds < Ry (1 — e ™) /A
0

dc d?c
E_AE_AC—}_R(JC) (4)
where . . -
a AL co At x = 1, the right-hand side is only maximizediahe
A=_ri A=—; =) valueofc(x)=1. _ _
; Therefore, the critical value Rf Rnax is determined
R(x) B 1](Cmax - CO) p(x) B ACO by _A
With constrain conditions: R(1—e™) -1 SR = A
Ax _ meax A= A - € (1 — e‘A)
Ay =Ry S R(X) € Rpax = Do — o) A&,
-G <cx)<1 From here there is always the inequality R
With the boundary condition: With Rmna<Rec
o c(x=0) =0. We have: R(X)=Rax With Gex<1.
The objective function becomes: and
b 1 x
TL =f p(x)dx =v(Cpax — co)f R(x)dx + LAc, c(x) = e—Axf R, e™5ds
a 0
The objective function becomes finding maximum of or 0
_R(x) where.x belongs to the following interval [Pfdr the () = Ry (1 — e=45) /A (11)
integral (5): so:
1 . b 1
Jy RGx)dx (5) TL = f p(x)dx =v(Cpax — co)f R(x)dx + LAc,
a 0

With the conditions (6): Thus, the total load of the river will be:

Ro < R() < Rmax © TL = v(Cmax — €0)Rmax + LACo
And with c(x) being the solution of the differertia

equation (7): The total load capacity of the river section wil: b
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LC = v(Ciax — €o)Rmax + LAco + ¢,Q
In this case RaRe,

We have:

folR(x)dx = fol (%+ Ac) dx =c(1) +
Afolc(x)dx (12)
So the solution where c(1)=1 and the integral og@er

[0,1] is maximized will be the optimal solution. iEh
integral is maximal when c(x) soon reaches its maxn

Where:d, , = %, with A1<0<\z; C;, C; are the

coefficient which are obtained from boundary candi
below:

- At x=0: ¢(x=0)=0

- At x=1: ¢(x) and its derivative satisfy the comtity
condition with d(x) is the solution of equation (&jth
R=0, in the interval [1,e)

- At x=+00, d(x) is limited, so d(x) has a general solution
of

d(x) = D,eh*
From the above boundary conditions, we have aaline

value. So the function R(x) needs to have the manim System equations for the coefficients C; and D

value from the point x=0, that is, RzR in the interval
[0,%0] so that at ¥=1, c(x)=1 we have (13):

1= Rmax(1-e~"¥0)

- (13)

- X =—%1n(1—RL)

On the segment §x1] to maximize the integral (10), we

€+ Cp = —7mes

need to maintain c(x)=1, which means dc/dx=0. From

equation 10 we have Rebecause R>RA.
So with R>R we have:
R=Rmnax With 0=x<Xo
R=A vdi xo<x<1.
So:
c(x) = Rpgpe (@™ —1)/A  EX<Xo
c(x) =1 xsx<1
Thus:
1 Rinax A
f R(x)dx = Rygexo + A1 —x9) = A+ (1 — T)ln 1- R—)
0

max
b

1
TL = f p(x)dx =v(Cmax — co)f R(x)dx + LAc,
a 0

Thus, the total load will be:
TL = v(Cmax — Co) [A + (1 - R’;’\J) In (1 - RL)] + LAcy(14)

The total load capacity of the river section wil: b
LC = v(cmax — ) [A + (1 =2222)1n (1 = =) + Lic, + ¢, (15)
3.2 Resultsof determination of waste source

distribution in case AZ0

In the case, the influence of the dispersion proces

ey +eMC, — ety = —R’;'\J 17)
MetC + A,et2C, — AeMD; =0
Solving the equations (17), we have:
_ Rmax(}“l_ﬂ-ieh"'}-zelz)
G = A1 eP2-2,e12) (18)
C — Rmaxﬂ'l (19)
27 A(ret2—2,eh2)
C3 — e_AlRmax[AieAl_Azelz_(ﬂ-l_ﬂ-z)el/ZA] (20)

A1 e42-2,e12)

Substitute the coefficients in (15), since c(X)reases
in the interval (0,1) thus reaching a maximum andl R
is found from the condition ¢(1)=1. We have:

R A
c A1—A (21)
A 142
(1—eli)+%

b. RnaeRc: i
folR(x)dx = fol (% + Ac — A%) dx = Afo1 c(x)dx +
(D) - c(@] - A[= (1) - £(0)] (22)
with ¢(0)=0 and <= (1) = 4,¢(1) we have:

Jy R)dx = A [ cGdx + c(1)(1 = 2,4) + A55(0) (23)

The above integral reaches its maximum when there

(molecular diffusion and turbulent diffusion) are€Xists a condition for all three terms to simultaury

considered in equation 4, we have0A
Similar to the case A=0, there exists a value o6&

attain their maxima. The first term reaches its imamn
when c(x) increases as rapidly as possible to 1 and

that when Ra<Rs, the concentration value c(x) does nofnaintains the value 1 unté=1. This condition is entirely

exceed the value 1. So:

a. With Rna<Re

We have

R=Rmax

General solution of the equation:
dc d?c
EZA@—ACﬂ'R(x)

satisfy the boundary conditions:

c(x=0)=0
With 0<=x<=1 have the form:

c(x) = CeM* + C,e?2* + Rmax /A (16)

consistent with the conditions for the second amicdt
terms to also reach their maxima, with c(1) =1dsip<0

d L .
we have 1-3,A>0) andé attaining its maximum. The

optimization problem is thus reduced to the follogyi
problem:

Determine ¥ such that c(x) increases as rapidly as
possible to 1 on the interval [@)xand then, c(x) reaches
its maximum value c(x)=1 (fromoxo 1). To make c(x)
increase as rapidly as possible, we set RzxRFor

2
c(x)=const=1, we havéixi= 0 and;x—zc= 0, then from
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equation 4 deduce R= The problem now is determining
Xo. In case of dispersion coefficient (molecular and
In the interval [0,¥] the solution has the form (sinceturbulent diffusion)a = 0 (n?/s)

R(X)=const=Ray): Calculation results of load capacity and distarge
according to the formulas (14),(15) and (13) aesented
below (Teble 1):

c(x) = C,eM* + C,e*?* + Rmax/A (29)

With the condition c(0)=0; ct%=1 and dc/dx(x0)=0, Table 1 The calculation results of load capacity and distance x0

we obtain a system equations to find@ and x: Total Load Load
Capadity Capacity Upstream Xo (M)
Rmax _ alongriver (kg/day) 0
Ci+C+72 - 0 (kg/day) (kgjday)
Creti¥o 4 Cpela¥o 4 ~max = 1 (25) 260076 190956 6912p 73.35

CiAet¥o + CyA,et2%0 = 0 o _ _
The distribution of concentration ¢ along the rised

Solving the system equations with the conditioithe load along the river is shown in Table 2, aigiifes 2,

xo0[0,1], we get the values of the constant<3zand x. below:

The total load of the river will be:
Table 2 The distribution of concentration ¢ along the river and

the load along the river with a= 0 (/)

TL = fabp(x)dx =V(Cmax — o) fol R(x)dx + Lic, (26)

X c(x) p(x
in which . (m) (mg/)) kg/m/day/m? kg/m/day
0 4 8.64 2592
J; R(x)dx = xoRmax + (1 — xy)A 1c 55 8.6 259:
2C 7.0C 8.64 2592
The load capacity of the river section including kbad 3C 8.5( 8.64 259:
from upstream will be: 40 10.00 8.64 2592
5C 11.5C 8.64 2592
LC = v(Cpmax — Co)[XoRMax + (1 — xo)A] + LAcy + c,Q (27) 6C 13.0( 8.64 259:
73.% 14.9¢ 8.6 2592
4 Appliesto specific river sections 13% 1155 Odo(?ég O-OSC
Consi(_je( thg river section with the following 200 1c 0.00: O.S“
characteristics (Figure 1): 300 1= 0.00 0.¢
«  Discharge Q=200 f's 50( 15 0.00¢ 0.
* Cross-section &£300 m2 600 15 0.003| 0.9
*  Velocity v=Q/A=0.67 (m/s) 70C 1t 0.00: 0.¢
+ Pollutants ¢ (eg BOD, COD): affected by 80C 15 0.00¢ 0.
degradation and dispersion 90C 1% 0.00¢ 0.€
» Decomposition coefficient (decay, 100¢ 1= 0.00: 0.£
deposition...)A=0.2/day
«  Partition coefficient (molecular and turbulent Camcentration Diteibacdon
diffusion): a= 1 (n¥/s) i
» Concentration of C at upstream inlet=4 B
mg/L 12
»  Permissible concentrationng=15 mg/L S 10
¢ Maximum allowable discharge density near 2 -
the riverbankpma=0.1 mg/L.s (equivalentto  °
8.64 kg/m/day/rh i
Cmax,
pmax 0
200 400 600 800 100( 1200
Q, c0 Distance (m)
y v v v v v 4 v v Figure 2 The distribution of concentration along the river
— —

Figure 1 Theillustration of a specific river section
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Figure 3 The digtribution of load along the river Figure 4 The distribution of concentration along the river
In case of dispersion coefficient (molecular anc
turbulent diffusion)o= 40 (nf/s)
Calculation results of load capacity and distarge
according to the formulas 26, 27, 25 are presebébowv

Distribution of Load
3000

2500

(Table 3) % 2000
Table 3 The calculation results of load capacity and distance x0 g 1500
Load 2
T(c:)tal L oad Capacity Upstream = 100
apadty | g river (kgday) | XM o
(kg/day) (kg/day)
38807¢ 31895¢ 6912( 12¢ 8

0 200 400 600 800
Distance (m)

1000 1200

The distribution of concentration ¢ along the rised
the load along the river is presented in Tablend,Rigures
4, 5 below:

Distribution of concentration ¢ along river and doa
along river with = 40.

Figure 5 The digtribution of load along the river

It can be seen that in the field = 40%(s) the load
carrying capacity of the river section increaseslout
128002 kg/day (about 49%) compared to the case=0f
and the distancegxincreases to about 50 m. Thus, the
influence of dispersion coefficient is very largethe LC

Table 4 The distribution of concentration ¢ along the river and
the load along the river with a= 40 (n/s)

X c(x) p(X) of the river section and should be considered & th
(m) (mg/l) kg/m/day/m? kg/m/day calculation.
0 4 8.64 2592
10.18: 5.32 8.6 2592 ;
20.36¢ 6.61 8.64 2592 S COHC|USIOI’1 .
3054 T 8.6 259: Thls study _ sggcessfully deyeloped an analytlcal
20.73( 907 8 62 550: s_olutlon for optimizing t.he pollution Ioa(_j capacm_)j a
50 91, 10.1¢ 8.6 550; river segment, addressmg both theoretical andtlpmq
61.00 11.27 8.62 259, aspects of water qL_Jallty management. The derived
70.00- 12.0¢ 8. 62 259; | solutions for cases with and without dispersiorec
80.18" 12.9: 8.64 2502 provide a clear methodology for determining the imeasm
90.36¢ 13.6¢ 8.6 250 allowable pollutant discharge while adhering to
100.55: 14.2¢ 8.64 259; environmental standards.
110.73 14.7: 8.64 2597 The application to a specific river segment hightégl
120.911 14.91 8.64 259: the significant impact of dispersion coefficients the
126.00¢ 15 8.64 2592 river's load capacity, with a 49% increase obsemwkdn
127.00( 15 0.00¢ 0. | dispersion was considered. These findings underster
60C 1% 0.00¢ 0| importance of incorporating dispersion processes in
70C 1= 0.00: 0L | pollution load calculations to achieve accurate and
80C 1E 0-00;' O-E sustainable results.
138% 1; 8'88j 8'; Future research coluld extend this_ mod_eI to more
= — = complex river systems, including multi-dimensiofialvs
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and dynamic boundary conditions. Additionally, maximum daily load for the Taihu Lake's influent
integrating real-time monitoring data could enhatloe rivers, China,Ecological Engineering, Vol. 83, pp.
model's predictive capabilities. This work serves & 258-267, 2015.

valuable tool for policymakers and environmental https://doi.org/10.1016/j.ecoleng.2015.06.036
engineers in designing effective pollution contro[7] YANG, L., MEI, K., LIU, X., WU, L., ZHANG, M.,

strategies, ultimately contributing to the preséora of XU, J., WANG, F.: Spatial distribution and source
water resources for future generations. apportionment of water pollution in different
administrative zones of Wen-Rui-Tang (WRT) river
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